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The paper presents an adjoint-based approach for determining global error in the time
domain that is relevant to functional outputs from unsteady flow simulations. The algo-
rithm is derived for the unsteady Euler equations that are discretized for second-order
accuracy in both space and time and takes into account the effect of dynamic meshes. In
addition to error due to temporal resolution, the formulation also takes into account alge-
braic error arising from partial convergence of the governing equations at each implicit
time-step. The resulting error distributions are then used to drive adaptation of the tempo-
ral resolution and the convergence tolerances for the governing equations at each time-
step. The method is demonstrated in the context of both time-integrated and instanta-
neous functionals and the results are compared against traditional adaptation methods.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

The time-integration process in unsteady flow problems is typically carried out using a uniform time-step which is ap-
plied throughout the time domain of interest. The limitation on the size of the time-step is mainly governed by the temporal
resolution required to capture essential unsteady flow features and deliver acceptably low temporal error. The traditional
approach is to use a uniform time-step of a size that by engineering knowledge is known to be sufficient to capture essential
flow features. However, the inherent non-linearity of the flow equations makes it difficult to determine the temporal scales
of the flow features that are relevant to the functional output of interest from the unsteady simulation. Additionally, the dis-
advantage of using a uniform time-step is that it becomes expensive due to high resolution in regions of the time domain
where such resolution may not be necessary. While the overall cost of an unsteady simulation may be correlated against
the resolution of the time domain, the primary cost of obtaining the solution of the flow equations at each time level arises
from the non-linear iterative solution required at that time-step in the context of an implicit time discretization. Typically
the equations are never solved to machine precision unless the spatial resolution of the problem under consideration is rel-
atively coarse. Convergence to small tolerance levels can become time consuming for stiff problems particularly in the pres-
ence of anisotropic mesh effects. A sensible guideline for determining suitable implicit system convergence levels is that the
algebraic error resulting from incomplete system convergence at each time-step be reduced to levels below the local tem-
poral discretization error at each time-step [1,2]. However, this requires a good measure of the local temporal error as well as
some estimate of the algebraic error due to incomplete system convergence, and is seldom enforced. The end result is that, as
in the case of temporal resolution, some predetermined constant convergence limit is set based purely on engineering judg-
ment such that the resulting solution has acceptably low overall error at practical computational expense. It is quite possible
that the equations converged to limits set by such ad-hoc methods could result in unnecessarily restrictive convergence in
. All rights reserved.
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some regions of the time domain and insufficient convergence in others. Under most circumstances the effect or error due to
insufficient convergence becomes difficult to quantify and even harder to remedy.

An adjoint-based approach permits the estimation of error relevant to a functional, and the corresponding distribution of
this error in the time domain. The method relies on applying time-dependent discrete adjoint equations on a Taylor expan-
sion of the functional. A linear approximation of the error in the functional between temporal meshes of two different res-
olutions can be estimated by solving the flow problem and the adjoint problem on the coarser temporal mesh, and then
projecting the flow and adjoint solutions to the finer temporal mesh. It should be noted that in this particular formulation,
only the change in the functional between two different temporal resolutions is predicted by the adjoint equations, and not
the total error defined as the difference between the current and exact analytic value of the functional.

Adjoint-based approaches also permit distinct identification of the contributions to this error as arising from the two pri-
mary sources, namely the temporal resolution and the effect of partial convergence of the equations at each time-step. Addi-
tional separation of the error into flow equation and mesh equation components provides the criteria necessary to target
specifically the set of governing equations that influences the functional the most. This is uniquely different from common
adaptation or time-step control schemes which are based on estimates of the local temporal error at each time-step, in that
the global temporal error in the functional can be estimated and adapted on.

The total error incurred in time-dependent simulations can be broken down into spatial error, temporal error, and alge-
braic error. For steady-state problems, adjoint methods have been used successfully to drive adaptive mesh refinement
schemes for reducing the spatial discretization error for output functionals of interest [3–11]. Spatial mesh adaptation in
time-dependent problems can be approached in one of two ways. The first and more straightforward approach is to use a
single adapted spatial mesh at all time levels, where the adaptation is based on the spatial error distribution over all time
levels. The application of adjoint equations to spatial mesh adaptation in time-dependent problems in this manner has been
investigated in the past [12,13]. The second approach is to adapt the baseline spatial mesh uniquely at each time level on the
basis of the spatial error at that time level. However, this creates discontinuities in time as new grid points are added and
deleted between time-steps leading to the loss of one-to-one correspondence between spatial elements at different time lev-
els. Such adaptation of the spatial mesh has been attempted in time-dependent problems using estimates of the local spatial
error but not using adjoint equations to estimate global error in functionals of interest [14,15]. The targeting of temporal
discretization error and the adaptation of the time-step size in addition to spatial mesh adaptation adds another layer of
complexity to the problem. While the full error reduction and control problem for time-dependent problems must involve
simultaneous adaptation in time and in space, the focus of the current work is on adjoint-based adaptation in the time do-
main, in order to reduce temporal error, with no attempt to reduce spatial discretization error. However, algebraic error due
to incomplete convergence of the governing equations at each time-step is targeted in this work.

Much work has been done on temporal adaptation and error control in the absence of spatial adaptation, particularly for
ordinary differential equations [16,17]. The most common approach consists of using local temporal error estimation to drive
time-step size selection, where the temporal error at a given time-step is estimated by discretizing the time derivative with
different orders-of-accuracy and comparing the corresponding results [18]. Also, such methods implicitly assume that any
solutions obtained are numerically exact, or at least converged to levels below the local temporal discretization error, and
do not consider the effect of partially converged solutions. While local error estimation has been used successfully for tem-
poral refinement, a more appealing approach would be one that targets the global temporal error for a functional of interest
directly, since for any particular functional, there is no guarantee that a gradient based or any other local error-based adap-
tation of the time domain would necessarily lead to an improved estimate of the functional. As in the case of spatial error
estimation, this arises from the fact that there may be little or no correlation between the flow solution gradients in the time
domain and the functional of interest. If direct information such as the sensitivity of the functional to the solution at each
time interval, which in turn is a function of the time-step size and convergence criterion at that interval were available, a
more targeted and efficient time adaptation scheme can be developed. While adjoint methods have been used in the spatial
domain for goal oriented error estimation and control, their use in the time domain has mostly been confined to simpler
problems such as those involving ordinary differential equations [19,20] although their use for partial differential equations
has recently been demonstrated [21]. This work possibly represents the first attempt at extending and applying unsteady
adjoint algorithms [22–25] for the purpose of estimating global temporal discretization error and adapting the time domain
in fluid flow problems with dynamic meshes.
2. Analysis problem formulation

2.1. Governing equations of the flow problem in ALE form

The conservative form of the Euler equations is used in solving the flow problem. The paper is limited to inviscid flow
problems since the primary focus is the development and verification of an unsteady adjoint method for the estimation
of functional relevant temporal error. In vectorial form the conservative form of the Euler equations may be written as:
@Uðx; tÞ
@t

þr � FðUÞ ¼ 0 ð1Þ
where the state vector U of conserved variables and the cartesian inviscid flux vector F = (Fx,Fy) are:
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U ¼

q
qu

qv
Et

0
BBB@

1
CCCA; Fx ¼

qu

qu2 þ p

quv
uðEt þ pÞ

0
BBB@

1
CCCA; Fy ¼

qv
quv

qv2 þ p

vðEt þ pÞ

0
BBB@

1
CCCA ð2Þ
Here q is the fluid density, (u,v) are the cartesian fluid velocity components, p is the pressure and Et is the total energy. For an
ideal gas, the equation of state relates the pressure to total energy by:
p ¼ ðc� 1Þ Et �
1
2
qðu2 þ v2Þ

� �
ð3Þ
where c = 1.4 is the ratio of specific heats. Applying the divergence theorem and integrating over a moving control volume
A(t) that is bounded by the control surface B(t) yields:
Z

AðtÞ

@U
@t

dAþ
Z

BðtÞ
FðUÞ � ndB ¼ 0 ð4Þ
Using the differential identity:
@

@t

Z
AðtÞ

UdA ¼
Z

AðtÞ

@U
@t

dAþ
Z

BðtÞ
ð _x � nÞdB ð5Þ
Eq. (4) is rewritten as:
@

@t

Z
AðtÞ

UdAþ
Z

BðtÞ
½FðUÞ � _xU� � ndB ¼ 0 ð6Þ
or when considering cell-averaged values for the state U as:
dAU
dt
þ
Z

BðtÞ
½FðUÞ � _xU� � ndB ¼ 0 ð7Þ
This is the Arbitrary-Lagrangian–Eulerian (ALE) finite-volume form of the Euler equations. The equations are required in
ALE form since the problem involves deforming meshes where mesh elements change in shape and size at each time-step.
Here A refers to the area or volume of the element, _x is the vector of mesh face or edge velocities, n is the unit normal of the
face or edge, and B refers to the area or length of the bounding surface or edge.

The method presented in the paper for the estimation of global temporal error involves projections of the flow and adjoint
solutions from a given temporal mesh onto a temporal mesh of higher resolution. In order to remove the dependence of the
order-of-magnitude of the computed adjoint variables on the temporal mesh resolution we utilize the time-integrated form
of Eq. (7) as
Z

T

dAU
dt
þ
Z

BðtÞ
½FðUÞ � _xU� � ndB

( )
dt ¼ 0 ð8Þ
or in a discrete sense when considering a temporal element of size Dt as
dAU
dt

� �
Dt þ

Z
BðtÞ
½FðUÞ � _xU� � ndB

( )
Dt ¼ 0 ð9Þ
2.2. Temporal discretization

The time derivative term is discretized using a second-order accurate BDF2 (Backward Difference Formula 2) scheme.
Since the goal of the paper is to adapt the temporal mesh, the base scheme requires modification to handle non-uniform
temporal mesh spacing. The modified BDF2 scheme for non-uniform temporal meshes is shown below.
dAU
dt
¼ c0AnUn þ c1An�1Un�1 þ c2An�2Un�2

c0 ¼
2Dt1Dt2 þ Dt2

2

Dt1Dt2ðDt1 þ Dt2Þ

c1 ¼
�ðDt1 þ Dt2Þ2

Dt1Dt2ðDt1 þ Dt2Þ

c2 ¼
Dt2

1

Dt1Dt2ðDt1 þ Dt2Þ
Dt1 ¼ Tn � Tn�1

Dt2 ¼ Tn�1 � Tn�2

ð10Þ
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Although not a sufficient test, substituting (Dt = Dt1 = Dt2) should verify that a standard second-order accurate backward dif-
ference can be recovered. The BDF2 discretization on uniformly spaced temporal meshes with mesh spacing Dt is shown
below:
dAU
dt
¼

3
2 AnUn � 2An�1Un�1 þ 1

2 An�2Un�2

Dt
ð11Þ
2.3. Spatial discretization

The flow solver uses a cell-centered finite-volume formulation where the inviscid flux integral S around a closed control
volume is discretized as
S ¼
Z

dBðtÞ
½FðUÞ � _xU� � ndB ¼

Xnedge

i¼1

F?ei
Vei
;U;nei

� �
Bei

ð12Þ
where Be is the edge length, Ve is the normal edge velocity, ne is the unit normal of the edge, and F?e is the normal flux across
the edge. The normal flux across the edge is computed using the second-order accurate matrix dissipation scheme [26] as the
sum of a central difference and an artificial dissipation term as shown below,
F?e ¼
1
2

F?L ðUL;Ve;neÞ þ F?R ðUR;Ve;neÞ þ jð4Þ½T�j½k�j½T��1fðr2UÞL � ðr2UÞRg
n o

ð13Þ
where UL, UR are the left and right state vectors and (r2U)L, (r2U)R are the left and right undivided Laplacians computed for
any element i as
ðr2UÞi ¼
Xneighbors

k¼1

ðUk � UiÞ ð14Þ
The matrix [k] is diagonal and consists of the eigenvalues (adjusted by normal edge velocity Ve) of the flux Jacobian matrix
@F?
@U , and the matrix [T] consists of the corresponding eigenvectors. The scalar parameter j(4) is empirically determined and
controls the amount of artificial dissipation added to the centrally differenced flux. For transonic problems this is usually
taken as 0.1. The advantage of using the difference of the undivided Laplacians in the construction of the convective flux
is that it offers second-order spatial accuracy without the need for state reconstruction techniques. The normal native flux
vector is computed as
F? ¼

qðV? � VeÞ
qðV? � VeÞuþ n̂xp

qðV? � VeÞv þ n̂yp

EtðV? � VeÞ þ pV?

0
BBB@

1
CCCA ð15Þ
where the fluid velocity normal to the edge V\ is defined as un̂x þ vn̂y, where n̂x and n̂y are the unit edge normal vector
components.

2.4. Mesh deformation strategy

Deformation of the mesh is achieved through the linear tension spring analogy [27,28] which approximates the mesh as a
network of inter-connected springs. The spring coefficient is assumed to be inversely proportional to the edge length. Two
independent force balance equations are formulated for each node based on displacements of neighbors. This results in a
nearest neighbor stencil for the final linear system to be solved. The linear system that relates the interior node displace-
ments in the mesh to known displacements on the boundaries is given as
½K�dxint ¼ dxsurf ð16Þ
where [K] is the stiffness matrix assembled using the spring coefficients of each of the edges in the computational mesh. As
in the case of the governing flow equations, the mesh motion and the mesh adjoint solutions have to be projected between
temporal meshes of different resolutions, and in order to avoid projection related scaling issues we redefine the mesh motion
equations in the form of a discrete time-integrated mesh residual as
GðxÞ ¼ Dtf½K�dxint � dxsurfg ¼ 0 ð17Þ
2.5. The discrete geometric conservation law (GCL)

The discrete geometric conservation law (GCL) requires that a uniform flow field be preserved when Eq. (7) is integrated
in time. In other words the deformation of the computational mesh should not introduce conservation errors in the solution
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of the flow problem. This translates into U = constant being an exact solution of Eq. (7). For a conservative scheme, the inte-
gral of the inviscid fluxes around a closed contour goes to zero when U = constant. Applying these conditions to Eq. (7) results
in the mathematical description of the GCL as stated below.
@A
@t
�
Z

dBðtÞ
_x � ndB ¼ 0 ð18Þ
For the second-order BDF2 time-integration scheme utilized in this work, this can be discretely represented using Eqs. (10)
and (12) as:
ðc0An þ c1An�1 þ c2An�2Þ �
Xnedge

i¼1

Vei
Bi ¼ 0 ð19Þ
The edge velocities Vei
for each of the edges encompassing the element must therefore be chosen such that Eq. (19) is sat-

isfied. While various methods for computing the edge velocities satisfying the GCL have been developed for different tem-
poral discretizations [29,30], a unifying approach applicable to first, second and third-order backwards differencing schemes
(BDF) as well as higher-order accurate implicit Runge–Kutta (IRK) schemes has been developed in Ref. [31]. Following the
procedure outlined in Ref. [31], the edge velocity Vn

ei
multiplied by the edge length Bi at time-step n can be written as a linear

combination of the area swept by the edge between three temporal locations n, n � 1 and n � 2 as:
Vn
ei

Bi ¼ k1ðDXnÞ þ k2ðDXn�1Þ ð20Þ
Here Xn refers to the area swept by the edge between time-steps n and n � 1, while Xn�1 is the area swept between n � 1
and n � 2. The coefficients k1 and k2 are functions of the time-step sizes Dt1 and Dt2 and are given by:
k1 ¼
2Dt1Dt2 þ Dt2

2

Dt1Dt2ðDt1 þ Dt2Þ
ð21Þ

k2 ¼
�Dt2

1

Dt1Dt2ðDt1 þ Dt2Þ
ð22Þ
3. Error formulation

3.1. Error due to temporal resolution

Consider a functional computed based on the unsteady solutions of the flow and mesh motion equations. Mathematically
this may be represented as L = L(U,x), where L is the functional, U is the unsteady flow solution set and x is the set of un-
steady mesh solutions. The functional evaluated on two different temporal meshes of discrete resolutions h and H can rep-
resented by Lh(Uh,xh) and LH(UH,xH). For the purpose of this paper, H refers to some arbitrary coarse resolution temporal
mesh and h is a fine resolution temporal mesh constructed by nested subdivision of the time-steps in H using a ratio of
2-to-1. An estimate of Lh(Uh,xh) can be obtained based on the Taylor expansion around the functional Lh UH

h ;x
H
h

� 	
, where

UH
h and xH

h refer to projections of the flow and mesh solutions from the coarse to the fine level. Assuming that the coarse time
domain flow solution UH and the coarse time domain mesh coordinates xH have been obtained via full convergence of the
respective equations, the Taylor series expansion of the exact fine time domain functional can be written as:
LhðUh;xhÞ ¼ Lh UH
h ;x

H
h

� 	
þ @L

@U

� �
UH

h ;x
H
h

Uh � UH
h

� 	
þ @L

@x

� �
xH

h
;UH

h

xh � xH
h

� �
þ � � � ð23Þ
If nsteps is defined as the number of time-steps in the temporal mesh h, and if ncells and nnodes are the number of elements and nodes in

the spatial mesh, then Uh; UH
h ; xh and xH

h are vectors of size [nsteps � 1] where each element in the vectors are by themselves a vector of

size [ncells � 1] for the flow variables and a vector of size [nnodes � 1] for the mesh variables. This indicates that ½@L=@U�UH
h ;x

H
h
is a vector

of size [1 � nsteps], where each element in the vector is again a vector of size [1 � ncells]. The same argument applies for the sensitivity of

the functional to the mesh coordinates.

The procedure for computing an unsteady solution involves obtaining the solution to the non-linear residual operator
R(U,x) at each time interval. The non-linear operator R(U,x) is constructed as described in earlier sections. When the time
derivative term in the Euler equations is based on the second-order BDF2 discretization, the non-linear residual is defined as
Rn = Rn(Un,Un�1,Un�2,xn,xn�1,xn�2) = 0, where n refers to the time index. The solution of the non-linear system can then be
obtained at each time interval using Newton iterations of the form:
@RðUk;xÞ
@Uk

" #
dUk ¼ �RðUk;xÞ

Ukþ1 ¼ Uk þ dUk

dUk ! 0; Ukþ1 ¼ Un

ð24Þ
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Expanding a fine time domain residual set about the coarse time domain set of residuals yields:
RhðUh; xhÞ ¼ Rh UH
h ;x

H
h

� 	
þ @R

@U

� �
UH

h ;x
H
h

Uh � UH
h

� 	
þ @R

@x

� �
xH

h
;UH

h

xh � xH
h

� �
þ � � � ¼ 0 ð25Þ
and since the non-linear residual operator R must vanish for a converged solution at each time interval, an estimate for the
error vector Uh � UH

h

� 	
at each time interval in Eq. (23) can obtained by rearranging Eq. (25) as:
Uh � UH
h

� 	
� � @R

@U

� ��1

UH
h ;x

H
h

Rh UH
h ; x

H
h

� 	
þ @R

@x

� �
xH

h
;UH

h

xh � xH
h

� �( )
ð26Þ
It should be noted that this is merely an estimate for the error between Uh and UH
h since higher-order terms in the Taylor

expansion are ignored. Substituting Eq. (26) into Eq. (23) results in:
LhðUh;xhÞ � Lh UH
h ;x

H
h

� 	
� @L

@U

� �
UH

h ;x
H
h

@R
@U

� ��1

UH
h ;x

H
h

Rh UH
h ;x

H
h

� 	
þ @R

@x

� �
xH

h
;UH

h

xh � xH
h

� �( )
þ @L

@x

� �
xH

h
;UH

h

xh � xH
h

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ecc

ð27Þ
The right-hand-side in Eq. (27) can be described as an estimate for the exact functional evaluated directly on the fine time
domain. Based on the derivation it is approximately equal to the sum of the functional evaluated on the fine time domain
using a projected solution and projected mesh coordinates from the coarse domain and a computable correction term ecc.

Since computing, storing and inverting the flow Jacobian matrix is expensive, a flow adjoint variable KU is defined to aid
the evaluation procedure. The flow adjoint variable is defined as:
KUT
h

���
UH

h ;x
H
h

¼ � @L
@U

� �
UH

h ;x
H
h

@R
@U

� ��1

UH
h ;x

H
h

ð28Þ
Transposing and rearranging Eq. (28) yields
@Rh

@Uh

� �T

UH
h ;x

H
h

KUh

��
UH

h ;x
H
h
¼ � @L

@U

� �T

UH
h ;x

H
h

ð29Þ
The solution of Eq. (29) involves projecting the coarse time domain solution and mesh coordinates onto the fine time do-
main, reconstructing the flow Jacobian matrices on the fine time domain and then solving the linear system iteratively
for the flow adjoint variable. Since the goal is to avoid direct solutions of any nature on the fine time domain, an approxi-
mation is used where the adjoint is evaluated on the coarse time domain and then projected onto the fine domain. This cir-
cumvents the expensive evaluations on the fine time domain. Eq. (29) recast on the coarse time domain becomes:
@R
@U

� �T

UH ;xH

KUH ¼ �
@L
@U

� �T

UH ;xH

ð30Þ
The coarse adjoint variable can then be projected onto to the fine domain as:
KUh
¼ IH

h KUH ð31Þ
where IH
h is some appropriate projection operator. Once the vector of adjoint variables KUH has been obtained the first con-

tributions to the computable correction term may be determined by projecting the flow adjoint onto the fine time domain
and then evaluating a vector inner product as follows:
ecc1 ¼ K
UHT

h
Rh UH

h ;x
H
h

� 	
ð32Þ
ecc1 represents the contribution from the flow equations to the error arising due to insufficient temporal mesh resolution. The
residual Rh UH

h ;x
H
h

� 	
is non-zero since it is computed using the projection of the coarse time domain flow solution onto the

fine time domain. Closer examination reveals that Eq. (32) is actually a summation of the vector inner products of the flow
adjoint and the non-zero residual at each time-step on fine time domain. The remaining contributions to the total correction
term may be written in combined form as:
ecc2 ¼ KUT
h

@Rh

@xh

� �
UH

h ;x
H
h

þ @Lh

@xh

� �
xH

h

( )
xh � xH

h

� �
¼ kx xh � xH

h

� �
ð33Þ
using the notation kx as shorthand for the large bracketed term in the middle of the above equation. We now write a Taylor
expansion of the mesh residual equation G on the fine time domain about its value constructed using projected mesh coor-
dinates from the coarse to the fine domain as:



K. Mani, D.J. Mavriplis / Journal of Computational Physics 229 (2010) 415–440 421
GðxhÞ ¼ G xH
h

� �
þ @G

@x

� �
xH

h

xh � xH
h

� �
þ � � � ¼ 0 ð34Þ
Here the residual G xH
h

� �
is evaluated using the projected values for xint from the coarse time domain to the fine domain and

the exact values of xsurf on the fine time domain. The surface coordinates xsurf define the boundary motion and are given as a
prescribed function of time and can be easily evaluated on the fine time domain. Rearranging and simplifying the mesh
residual Taylor expansion yields:
xh � xH
h

� �
¼ � @G

@x

� ��1

xH
h

G xH
h

� �
ð35Þ
However, referring to Eq. (16) it is seen that the linearization of the mesh residual G with respect to the mesh coordinates x is
simply the mesh stiffness matrix [K] multiplied by the local temporal element size Dt. Therefore,
xh � xH
h

� �
¼ � 1

Dt

� 
½K��1G xH

h

� �
ð36Þ
Substituting this back into Eq. (33) gives us an expression for the second and final contribution to the computable correction
term as:
ecc2 ¼ �kxh

1
Dt

� 
½K��1G xH

h

� �
ð37Þ
Defining a mesh adjoint variable Kx permits an iterative solution and avoids inversion of the stiffness matrix:
½K�TKxh
¼ � 1

Dt

� 
kxT

h
ð38Þ
As in the case of the flow adjoint, the above system is solved on the coarse time domain and the coarse mesh adjoint variable
then projected onto the fine time domain by some appropriate operator as:
½K�TKxH ¼ �
1
Dt

� 
kxT

h
ð39Þ

Kxh
¼ IH

h KxH ð40Þ
Both Eqs. (31) and (40) represent linear systems and span the complete space and time domains on which the solution to the
analysis problem was obtained. These equations can be solved using back substitution beginning at the final time-step and
sweeping backward in time while iteratively solving for a flow and mesh adjoint variable at each time-step. Details on the
exact solution process involving the backward sweep in time can be found in Refs. [32,24]. The final form for the second con-
tribution to the correction term can now be expressed as:
ecc2 ¼ KHT

xh
G xH

h

� �
ð41Þ
ecc2 represents the contribution from the mesh motion equations to the temporal resolution error. Just as in the case of the
temporal resolution error due to the flow equations, Eq. (41) represents a summation of vector products of the mesh adjoint
and the mesh residual at each time interval. Although the mesh motion equations are linear, the resulting mesh coordinate
variations in time are not linear, since these are driven by the prescribed surface mesh displacements, which in our following
examples are non-linear in time. This causes the mesh residual to be non-zero when computed on the fine time domain
using projected mesh coordinates from the coarse time domain.

The contribution to the total correction from each individual time-step can be interpreted as the representation of the
error in the functional arising from that time interval. From the derivation it is clear that there are two distinct sources of
error, specifically the flow and the mesh that contribute to the total temporal resolution error. The resulting distribution
in time of the total error ecc can thus be conveniently used as the criteria for identifying regions that require higher temporal
resolution.

3.2. Error due to partial convergence

Consider the solution of the problem on the coarse time domain. Previously we assumed that the solutions on the coarse
time domain were obtained by full convergence of the flow and mesh motion equations. This translates into the flow residual
and the mesh residual equations evaluating to zero on the coarse time domain. However, we now consider the functional L
evaluated on the coarse time domain using partially converged solutions. If the flow and mesh equations were partially con-
verged on the coarse time domain, the error resulting in the functional as a consequence may be linearly approximated as:
LHðUH;xHÞ � LHðUH; �xHÞ �
@L
@U

� �
UH ;�xH

ðUH � UHÞ þ
@L
@x

� �
�xH ;UH

ðxH � �xHÞ ð42Þ
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where UH and �xH refer to the approximate values of the flow variables and mesh coordinates obtained through partial con-
vergence of the respective equations. Evaluating the flow and mesh residual equations using partially converged solutions
would result in non-zero residuals. The fully converged zero residuals can then be written using a Taylor expansion about
the partially converged values as:
RðUH;xHÞ ¼ RðUH; �xHÞ þ
@R
@U

� �
UH ;�xH

ðUH � UHÞ þ
@R
@x

� �
�xH ;UH

ðxH � �xHÞ þ � � � ¼ 0 ð43Þ

GðxHÞ ¼ Gð�xHÞ þ
@G
@x

� �
�xH

ðxH � �xHÞ þ � � � ¼ 0 ð44Þ
At this point the similarity with the derivation of the temporal resolution error becomes clear. Following the same procedure
as the temporal resolution error derivation, we can obtain two contributions that add up to the total error due to partial con-
vergence as:
ecc1p ¼ KUT
H
RðUH; �xHÞ ð45Þ

ecc2p ¼ KxT
H
Gð�xHÞ ð46Þ
where the adjoint variables are solved for as:
@R
@U

� �T

UH ;�xH

KUH ¼ �
@L
@U

� �T

UH ;�xH

ð47Þ

½K�TKxH ¼ �
1
Dt

� 
kxT

H
ð48Þ

kxH ¼ KUT
H

@R
@x

� �
UH ;�xH

þ @L
@x

� �
�xH ;UH

( )
ð49Þ
Closer examination reveals that these systems are nearly identical to Eqs. (31) and (40) with the only difference being that all
quantities are evaluated using the partially converged flow and mesh solutions on the coarse time domain, rather than the
fully converged values. In the case of the temporal resolution error, the adjoint variables were solved for on the coarse time
domain using the fully converged coarse time domain flow solution and mesh coordinates. These were then projected onto
the fine time domain and multiplied with the non-zero residuals constructed on the fine time domain. The residuals on the
fine time domain were non-zero due to the projection of the flow solution and mesh coordinates from the coarse to the fine
time domain. In the case of partial convergence on the coarse time domain, there are no projections involved and the error
due to partial convergence on the coarse time domain can be estimated directly by multiplying the non-zero partially con-
verged coarse residuals with the coarse adjoint variables.

Relaxing the assumption of fully converged coarse time domain solutions for the temporal resolution error does not affect
the error estimated by that procedure. The important realization is that the error computed as temporal resolution error by
relaxing this assumption includes the error due to the partial convergence of the flow and mesh equations on the coarse time
domain. The temporal resolution error in reality is blind to what solution is projected from the coarse time domain, since our

only enforcement in the derivation is that Rh UH
h ;x

H
h

� 	
– 0 which can also be enforced as Rh UH

h ; �x
H
h

� �
– 0. The error due to

temporal resolution can be separated from the total error by subtraction of the error due to partial convergence which is
computed on the coarse time domain.

The distributions in time of ecc1p and ecc2p arise from the error due to partial convergence of the flow and mesh equations,
respectively, and can be used to drive adaptation of the convergence tolerances of the corresponding disciplines.

4. General implementation details

4.1. Solver details

The adaptive solver consists of two parts namely the forward flow solver and backward adjoint solver. The projection,
error computation and adaptation routines are built into the adjoint solver. The flow solver performs the forward integration
in time and writes out the flow solution, mesh solution and the partially converged flow and mesh residual values to the hard
drive in a piecewise manner (i.e. at each time level). The adjoint solver reads in the flow and mesh solutions and performs the
backward sweep in time to compute the flow and adjoint variables at each time level. All of the data exchange between the
adjoint and flow solvers occurs through file I/O operations since the adjoint solver performs a backward sweep in time. It
would be impractical to hold the unsteady solution set obtained by the flow solver in memory for use by the adjoint solver
particularly for problems with very high temporal mesh resolutions. In our work, the cost of performing the backward sweep
in the adjoint solver is generally similar to the cost of performing the forward integration in time to obtain the analysis solu-
tion. However, other researchers have noted that for large-scale unsteady viscous problems with turbulence models, the ad-
joint solution can in fact cost more than the analysis solution [33,34].
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While the backward sweep occurs in the adjoint solver and the adjoint variable distribution in time becomes available,
linear interpolation of the flow solution, mesh coordinates and the adjoint variables on the coarse time domain is used to
determine unknown values on the fine time domain in order to compute the total error at each time-step due to projection
between levels and partial convergence. The adjoint solver also reads in the non-zero partially converged flow and mesh
residuals during the backward sweep and multiplies them with the corresponding adjoint variables to determine the alge-
braic partial convergence error at each time-step, which is then subtracted from the total error to determine the temporal
resolution error. We use a refinement ratio of 2-to-1, where each temporal element in the coarse level temporal mesh is di-
vided into two to construct the fine level temporal mesh.

Once the distributions of the error from various sources have been computed, their sum provides the functional correc-
tions term. The adaptation routine is then invoked to analyze the error distribution and adapt the temporal resolution and
the convergence tolerances. Details of the adaptation strategy are presented toward the end of this section. The adapted
time-step distribution and adapted convergence tolerances are then written to disk for use by the flow solver. In our work
we terminate the adaptation process once the correction to the functional reaches some prescribed error tolerance.

Computational cost is measured using the systemclock intrinsic function in FORTRAN95. As a convention, the cost shown
in the comparative plots at any particular adaptation cycle regardless of the adaptation method employed includes the cost
of all preceding adaptation cycles.

4.2. Effect of initial condition and change of order during startup

Multistep time-integration schemes such as BDF2 typically must be initiated with a lower-order scheme. In the case of
second-order temporal accuracy, the first time-step is normally treated using a first-order accurate scheme. This is due to
the unavailability of a stencil large enough to accommodate the BDF2 scheme at the first time-step. Since the adjoint com-
putation is based simply on the linearization of the governing flow equations, this change in order during startup gets carried
over to the adjoint solution process. In most circumstances, adjoint variables vary smoothly throughout the entire time do-
main irrespective of the temporal resolution. The exception to this is when there is a change in the order-of-accuracy of the
temporal discretization between consecutive temporal elements. Since this does happen at the very first time-step for the
BDF2 scheme, there is a discontinuity in the adjoint variable distribution at the first time-step. The method described in this
paper relies on computing the adjoint variable on a coarse level temporal mesh and then projecting it onto a finer temporal
mesh rather than directly computing the adjoint variable on the finer level mesh. Although the Taylor expansion requires
that the adjoint variables be computed directly on the fine level temporal mesh, we assume that computing and projecting
the adjoint variables from the coarser level will suffice for the purpose of error estimation. However, the discontinuity in the
time variation of the adjoint variables due to change in discretization order occurs at different temporal locations in the
coarse and fine meshes. In the case of 2-to-1 refinement between fine and coarse levels, the fine level discontinuity occurs
at the midpoint of the first temporal element on the coarse level. Fig. 1 clearly shows the difference in the location of the
discontinuity when comparing adjoint variables computed on the fine and coarse levels. The implication is that using a
coarse level adjoint projected onto the fine level leads to significant inaccuracies in the predicted error. It is virtually impos-
sible for a linear or any higher-order projection operator to shift the location of this spike when going from the coarse to the
fine levels. As per theory the correct location for the spike is that captured when the adjoint variables are computed directly
on the fine level.
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Two different methods, namely the application of a second-order accurate initial condition and the direct solution of the
fine level adjoint at only the start up location were investigated to remedy this problem. The second-order initial condition is
analogous to a second-order boundary condition in space. A ghost temporal point is introduced with a spacing equal to that
of the first time-step on the coarse level and the explicit first-order backward Euler formula is used to determine the state at
this point. The purpose of this is to avoid a change in the order of the temporal discretization within the time domain of
interest thus avoiding the spike altogether. Table 1 shows the inaccuracy in the predicted error between two levels due
to this issue and the gains in accuracy using the two different methods proposed. The details of this particular test problem
or not important, since the spike due to change in temporal discretization order occurs regardless of problem description. It
is also evident from the table that both proposed methods perform reasonably well. For our work we compute the adjoint
variable directly on the fine level at the first time-step. Although this is a solution on the fine level, the cost incurred in doing
so corresponds exactly to that of two additional time-steps in the coarse level temporal mesh. As the temporal resolution
increases, the cost of this additional computation becomes negligible.

4.3. Other shortcomings of projecting the adjoint variable

In the case of a first-order BDF1 time-integration scheme, the difference between coarse and fine level adjoint solutions is
minimal allowing the interpolation of coarse level variables to capture the details of the fine level [32]. For higher-order
accurate temporal discretizations, differences in the adjoint variable distribution between the two levels may exist which
cannot be captured effectively by any interpolating operator. Fig. 2 shows the difference in the time variation of the fine level
adjoint and the coarse level projected (third-order spline interpolant) adjoint for an arbitrary spatial point between temporal
resolutions of 32 and 16. It should be noted that this problem has a tendency to surface mostly when dealing with instan-
taneous functionals. It is likely that this is due to the primary source term for the adjoint variables occurring only at the end
of the time-integration process. The backward sweep in time appears to wash out the details in the adjoint distribution as it
progresses farther from the location of the main source term (i.e. n = nsteps). This is not so apparent for time-integrated func-
tionals where a functional linearization source term appears at each time level. Another factor contributing to this problem is
the hyperbolic nature of time. It is not possible for elliptic interpolating operators such as splines to account for differences in
coarse and fine level solution histories arising due to the hyperbolicity in time. While higher-order interpolation operators
Table 1
Treatment of error due to change in order of accuracy at startup.

Ratio against exact error

Exact functional using 32 time-steps (BDF2) 0.0182487713384828 –
Exact functional using 16 time-steps (BDF2) 0.0182499683163204 –
Exact error between 32 and 16 time-steps �1.1969778376e�06 –
Prediction using coarse level adjoint �5.218147366e�07 0.43594
Prediction using coarse level adjoint and 2nd-order initial condition �1.1694744767e�06 0.97702
Prediction using coarse level adjoint + fine level adjoint for first coarse time-step only �1.212083697e�06 1.01262
Prediction using fine level adjoint �1.1949466580e�06 0.99830
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have been shown to provide improved error estimates in spatial error problems, they do not offer any advantage over linear
interpolation when used in the time domain. Two different methods were investigated to improve the accuracy of the pro-
jected adjoint variable as described below.
4.3.1. Utilizing fine level information in coarse adjoint solution
From a cost standpoint it is important that fine level solutions of the adjoint equations be avoided, but solving only the

coarse level adjoint equations and projecting the adjoint variable to the fine level may lead to significant inaccuracies in the
predicted error for several cases as described above. Accuracy gains while keeping costs similar to that of solving the coarse
level adjoint can be achieved by attempting a solution of the fine level adjoint equations but only at points on the fine level
temporal mesh that coincide with the coarse level mesh. The main difficulty is the construction of source terms for the ad-
joint equations from fine level temporal mesh points that do not coincide with those on the coarse level since no adjoint
equations are solved for at these locations and corresponding adjoint variables are unavailable. This problem can be ad-
dressed by combining the projection operation with the adjoint solution process. The unknown adjoint variables on the fine
level temporal mesh are written as functions of known adjoint variables located at points that coincide with the coarse level
mesh and solved simultaneously. Fig. 3 illustrates solving the adjoint equations on the coarse level, on the fine level, and on
the fine level but only at points coincident with the coarse level along with simultaneous interpolation. Both linear and third-
order operators chosen to represent the unknown adjoint variables indicate improvements with the third-order spline oper-
ator fairing better. However, implementation of this method involves coding complexities that result in increased compu-
tational cost thus rendering it only marginally cheaper than solving the adjoint equations directly at all fine level
temporal mesh points. This method does significantly reduce the difference between a coarse level adjoint projected to
the fine level and the true fine level adjoint solution since it does not completely ignore fine level information during the
solution process. Fig. 4 indicates significant improvement at least in the qualitative sense.
4.3.2. Direct smoothing of error in adjoint variable on fine level
While fine level solutions are to be avoided, the projection of the coarse level adjoint variable onto the fine level temporal

mesh provides a good initial guess for the fine level adjoint equations. If the error between the coarse and fine level adjoint
solutions are in the high frequency range in the context of the fine level temporal mesh, solution of the fine level adjoint
equations starting with the coarse level estimates should in theory converge very rapidly using conventional smoothing
techniques such as Gauss–Seidel iterations. Although this is an increase in the overall cost of the process and is actually a
partial solution directly on the fine level temporal mesh, the gain in accuracy somewhat justifies the increase in cost. Typ-
ically we have noticed anywhere between 20% and 30% increase in cost compared to solving only the coarse level equations.

In our work we employ direct fine level smoothing after solving for the adjoint variable on the coarse level and linearly
interpolating to estimate an initial guess for the fine level equations. Also, fine level smoothing is performed regardless of
whether the functional is time-integrated or instantaneous.
4.4. Validation of method

The validation of the method is done in several steps where each component of the computed total error is individually
verified. The process can be broken down as follows:
coincident with 
coarse level points

Solve at fine level points spline stencil for unknown

Fine temporal mesh

n n+1 n+2

n n+1 n+2

unknown

?

Coarse temporal mesh

n+1 n+2n

n+3 n+4

Fig. 3. Illustration of solving the adjoint equations on the coarse level, the fine level, and on the fine level but only at points coincident with coarse level
points. The time index where the adjoint equations are being solved for is n and arrows indicate required source terms.



Time

Fl
ow

ad
jo

in
tv

ar
ia

bl
e

2.5 3 3.5 4

0

5

10

15

Combined projection and coarse adjoint solution
Fine adjoint
Interpolated (3rd-order spline)
Coarse adjoint

Fig. 4. Simultaneous projection and solution of coarse level adjoint variable (arbitrary spatial location).

426 K. Mani, D.J. Mavriplis / Journal of Computational Physics 229 (2010) 415–440
1. Validate temporal resolution error without the effect of partially converged solutions.
2. Validate error due to partially converged flow equations without the effect of partially converged mesh equations or tem-

poral resolution.
3. Similarly validate error due to partially converged mesh equations.
4. Validate total combined error which includes temporal resolution and partial convergence of flow and mesh equations.
4.4.1. Temporal resolution error
Since the method computes a linear approximation of the error between temporal meshes successively refined using a

ratio of 2-to-1, it would be wise to choose a test problem that exhibits minimal non-linear behavior with respect to increas-
ing temporal resolution for the purpose of validation. Our approach is to consider a sinusoidally pitching NACA64A010 airfoil
and zoom into a small temporal window in the pitch cycle to use as our time domain of interest. The purpose of this is to
reduce the effect of non-linear behavior as the temporal resolution is increased. The conditions chosen for the problem in-
clude a freestream Mach number of 0.8, a zero mean angle-of-attack, an amplitude of pitch of 5�, a reduced frequency of 0.1
and a pitch center located two chord lengths ahead of the leading edge of the airfoil. The chosen conditions produce oscil-
lating shockwaves on the upper and lower surfaces of the airfoil. The time domain we consider is the first 16th of the first
pitch period starting from a steady-state solution at the mean angle-of-attack of the airfoil. The functional of interest is the
time-integrated lift coefficient given as
L ¼
Xnsteps

n¼1

DtnCLn ð50Þ
The coarsest temporal mesh consists of 8 temporal elements of uniform size and fine meshes are constructed by successive
nested subdivision of these 8 elements. The finest mesh consists of 1024 elements. In order to remove the effect of partially
converged solutions and to validate only the error due to temporal resolution, all of the equations (governing and corre-
sponding adjoint) are converged to machine precision. At each temporal resolution we compare against the functional com-
puted directly on the next temporal mesh that has twice the temporal resolution. As an example, consider a coarse mesh
resolution H of 8 elements and the corresponding fine mesh resolution h of 16 elements. The solution to the analysis problem

is first obtained on H and then projected onto h using linear interpolation. The functional Lh UH
h ;x

H
h

� 	
is then evaluated on the

fine mesh h using the projected solution. The exact error in the functional as a consequence of evaluating it on h using a pro-
jected solution from H is defined as the difference with respect to the functional evaluated using a solution obtained directly
h. The goal is to use the adjoint to estimate as closely as possible this exact error. The adjoint equations are solved on the
coarse mesh H, then projected onto h, after which a few Gauss–Seidel iterations on the fine mesh are employed to improve
the accuracy of computed adjoint variable. Finally, the inner product between the adjoint variable and the non-zero analysis
residual on the fine level (arising due to projection) forms the predicted error. We define the error in the error as the differ-
ence between the exact error as defined above and the adjoint-based error prediction. It is expected for this quantity to
asymptotically approach zero as the temporal resolution increases since a linear approximation (adjoint-based) to the exact
error performs better in the asymptotic range. It should be noted that the rate at which the error in the error reduces will not
be higher than first-order even for higher-order spatial or temporal discretizations of the governing equations. There is no
relationship between the discretization accuracy and the measure of error defined here, which is more an estimate of inter-
polation accuracy. It may be intuitive to expect higher rate of reduction of the error in the error for higher-order interpola-
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tion operators, but as has been discussed earlier, this has not been observed to be the case in the time domain. Table 2 shows
the results from this study and indicates the expected trends. The relative error in the error shown in the table is with respect
to the exact error. Fig. 5 is plot of the data in the table.

4.4.2. Flow partial convergence error
In order to validate the error due only to partial convergence of the flow, we fully converge the mesh motion equations

and partially converge the flow equations over a range of convergence tolerances while performing all computations on a
single temporal mesh of some arbitrarily chosen resolution. This is done in order to remove the effect of mesh partial con-
vergence and temporal resolution. The chosen temporal mesh resolution consists of 16 uniform temporal elements. The con-
vergence tolerances for the flow equations range from 1e�4 to 1e�13 in decrements of one order-of-magnitude. The
comparison is made against the functional computed on the same temporal mesh by fully converging both the flow and
mesh equations. Full convergence refers to a tolerance of 1e�14 for the flow equations and 1e�15 for the mesh equations.
Table 3 shows the results from the study while Fig. 6 is a plot of the data in the table. For very loose convergence tolerances
the predicted error shows significant inaccuracies due to non-linearities in the analysis problem. The predicted error im-
proves greatly as the convergence tolerance is tightened, but begins to stall beyond 1e�10 due to machine precision related
issues. There is a band of convergence tolerances within which the adjoint-based error prediction shows excellent agreement
with the exact error. It should be noted that the residual for the flow equations are not normalized and refers to the L2 norm
of the non-linear residual R(U,x) defined earlier. The flow convergence tolerance at which the non-linear Newton solver is
terminated refers to this measure of the non-linear residual. There are no projections between temporal meshes of different
resolutions when validating algebraic error, and the error reduction rate should closely follow the accuracy of the discreti-
zation. This trend is observed in the presented data.

4.4.3. Mesh partial convergence error
This method is nearly identical to that of validating the flow partial convergence error, except now the flow equations are

fully converged (1e�14) while the mesh equations are partially converged over a range of tolerances from 1e�3 to 1e�14.
Comparisons are made against the functional evaluated using a fully converged solution for the flow and mesh equations
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Fig. 5. Error convergence in the validation of predicted temporal resolution error.

Table 2
Validation of temporal resolution error prediction.

H/h Lh(Uh,xh) Lh UH
h ; x

H
h

� 	
Exact error

LhðUh; xhÞ � Lh UH
h ; x

H
h

� 	 Predicted error

KH
h

T
Rh UH

h ;x
H
h

� 	 Error in error Relative
(%)

8/16 0.569396322575267 0.560169315190123 9.227007385144e�3 9.178713487305005e�3 4.8293897839032e�5 0.52
16/32 0.562025471736337 0.556876350433573 5.149121302764e�3 5.130824481983147e�3 1.8296820781312e�5 0.36
32/64 0.558558547353816 0.555768236598189 2.790310755627e�3 2.783289991186009e�3 7.020764441403e�6 0.25
64/128 0.556916008012822 0.555430655044149 1.485352968673e�3 1.482292641578744e�3 3.060327093949e�6 0.21
128/256 0.556126469068276 0.555352069994796 7.7439907348e�4 7.729714607539632e�4 1.4276127261289e�6 0.18
256/512 0.555710827580821 0.555344499890371 3.6632769045e�4 3.657852929566094e�4 5.423974938093e�7 0.15
512/1024 0.555465579355258 0.555319845746303 1.45733608955e�4 1.456522968010164e�4 8.13121535183e�8 0.06



Table 3
Validation of flow partial convergence error prediction. The functional based on full convergence against which comparisons are made is 0.569396322575267.

Flow
Tol.

LHðUH ;xHÞ Exact error
LHðUH ;xHÞ � LHðUH; xHÞ

Predicted error

KT
HRHðUH; xHÞ

Error in error Relative
(%)

1e�4 2.912480019334127e�3 0.566483842555933 0.611018567593253 �4.453472503731970e�2 7.8616
1e�5 0.601413576272080 �3.201725369681307e�2 �3.196448033169741e�2 �5.277336511566588e�5 0.1648
1e�6 0.569978715518064 �5.823929427970498e�4 �5.832683469617397e�4 8.754041646898960e�7 0.1503
1e�7 0.569466741506641 �7.041893137404998e�5 �7.037842432530698e�5 �4.050704874299191e�8 0.0575
1e�8 0.569397608253941 �1.285678674078916e�6 �1.286266403071332e�6 5.877289924155624e�10 0.0457
1e�9 0.569395345108406 9.774668610074144e�7 9.774649176494041e�7 1.943358010287938e�12 0.0002
1e�10 0.569396315623312 6.951954900635826e�9 6.943693310523341e�9 8.261590112484963e�12 0.1188
1e�11 0.569396334871903 �1.229663604274123e�8 �1.230491020053879e�8 8.274157797561656e�12 0.0673
1e�12 0.569396323198692 �6.234250893299986e�10 �6.317086900752890e�10 8.283600745290359e�12 1.3287
1e�13 0.569396322522541 5.272593472938070e�11 4.444156015344455e�11 8.284374575936148e�12 15.7121
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Fig. 6. Error convergence in the validation of predicted flow partial convergence error.
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with 1e�15 used as the tolerance for the mesh. Table 4 shows the results from the study and Fig. 7 is the corresponding plot
of the data. Results are similar to the flow partial convergence validation study and indicates a small range of tolerances
where error estimates are very accurate. Although it may seem that error estimates should be accurate in the loose tolerance
range due to the linear nature of the mesh motion equations, this is not true since the non-linear flow equations which are
dependent on the mesh solution also have to be solved in the process.

4.4.4. Combined total error due to resolution and partial convergence
In this study we successively refine the temporal resolution and tighten the convergence tolerances from loosely set val-

ues in order to validate the total predicted error. The coarsest temporal mesh consists of 8 equally sized temporal elements
while the finest mesh consists of 1024 elements. The convergence tolerances for the flow equations and mesh equations be-
Table 4
Validation of mesh partial convergence error prediction. The functional based on full convergence against which comparisons are made is 0.569396322575267.

Mesh Tol. LHðUH ; �xHÞ Exact error LHðUH ; xHÞ � LHðUH ; �xHÞ Predicted error KT
HRHðUH ; �xHÞ Error in error Relative (%)

1e�3 0.569379509842224 1.681273304299236e�5 �2.286832036745351e�6 1.909956507973771e�5 86.3982
1e�4 0.569392611900076 3.710675191004320e�6 2.944203825426592e�6 7.664713655777281e�7 20.6558
1e�5 0.569395930641548 3.919337189239869e�7 3.806557237014826e�7 1.127799522250424e�8 2.8775
1e�6 0.569396283431473 3.914379398395340e�8 3.898434192762393e�8 1.594520563294712e�10 0.4073
1e�7 0.569396318629529 3.945737958588325e�9 3.944071544193236e�9 1.666414395088515e�12 0.0422
1e�8 0.569396322177531 3.977359552820303e�10 3.977202472758628e�10 1.570800616755659e�14 0.0039
1e�9 0.569396322535569 3.969791162461433e�11 3.969800092969266e�11 �8.930507832981892e�17 0.0002
1e�10 0.569396322571281 3.985922703009237e�12 3.984606300974339e�12 1.316402034898012e�15 0.0330
1e�11 0.569396322574870 3.969047313034935e�13 3.965971027703913e�13 3.076285331021767e�16 0.0775
1e�12 0.569396322575227 3.996802888650564e�14 3.975520234663100e�14 2.128265398746332e�16 0.5325
1e�13 0.569396322575263 3.996802888650564e�15 3.952727164980954e�15 4.407572366960945e�17 1.1028
1e�14 0.569396322575266 9.992007221626409e�16 3.962733380202208e�16 6.029273841424201e�16 60.3410
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Fig. 7. Error convergence in the validation of predicted mesh partial convergence error.
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gin at 1e�5 and 1e�4, respectively, on the coarsest temporal mesh and are tightened by an order-of-magnitude during each
refinement of the temporal resolution. These starting limits were chosen such that the algebraic and resolution errors are
roughly the same order-of-magnitude and do not mask any discrepancies from either. The comparison at each temporal res-
olution is made against the functional computed using full convergence of the flow (1e�14) and mesh (1e�15) equations on
the next temporal mesh of double the resolution. It is important that the method be validated for prediction of total com-
bined error since it is to be applied in this form to adaptation problems in general. Table 5 shows the results from this study
and indicates the expected trend of more accurate predictions as the resolution is increased while simultaneously conver-
gence tolerances are tightened. Fig. 8 is a plot of the data presented in the table.

4.5. Adaptation strategy

The adjoint-based adaptation method involves the forward integration in time to determine the solution to the analysis
problem and a backward sweep in time to compute the time-dependent adjoint variables and the corresponding necessary
error distributions (resolution and algebraic). The sum of the individual error distributions provides an estimate of the cor-
rection from each type of error. The temporal elements are first sorted in decreasing order by their contribution to the total
error of each type. Then parsing down each of the lists, elements are flagged for refinement or tolerance tightening until 99%
of the total error of the type under consideration is reached. The method assures that only the most offending elements are
targeted in the case of an extremely non-uniform error distribution. The method also assures that near uniform refinement
or tolerance tightening is requested once the error in the temporal domain has been equidistributed. Elements flagged for
refinement are subdivided into two, while elements flagged for algebraic error have their convergence tolerances tightened
by a factor of three. This factor for the tightening of the convergence tolerances was chosen to permit at least 7 or 8 adap-
tation cycles without the tolerances becoming smaller than 1e�10 given the starting tolerances in the example problems.

4.6. Comparative methods

We present two example problems, one where the functional of interest is an instantaneous quantity evaluated at the end
of the time-integration process and the other where the functional is a time-integrated quantity. The purpose of the exam-
Table 5
Validation of combined temporal resolution and partial convergence error prediction.

Flow/Mesh Tol.:H/h Lh(Uh,xh) Lh UH
h ; �x

H
h

� �
Exact error
LhðUh; xhÞ � Lh UH

h ; �x
H
h

� � Predicted error

KH
h

T
Rh UH

h ; �xH
� � Error in error Relative

(%)

1e�5/1e�4:8/16 0.569396322575267 0.569051773422440 3.44549152827e�4 2.856116483680940e�4 5.8937504458906e�5 17.12
1e�6/1e�5:16/32 0.562025471736337 0.557461052659754 4.56441907658e�3 4.545668447896880e�3 1.875062868612e�5 0.41
1e�7/1e�6:32/64 0.558558547353816 0.555927382132259 2.63116522156e�3 2.624206889915153e�3 6.958331641847e�6 0.26
1e�8/1e�7:64/128 0.556916008012822 0.555479279653642 1.43672835918e�3 1.433676569201321e�3 3.051789978679e�6 0.21
1e�9/1e�8:128/256 0.556126469068276 0.555365326064910 7.61143003366e�4 7.597161855665300e�4 1.42681779947e�6 0.19
1e�10/1e�9:256/512 0.555710827580821 0.555348173956032 3.62653624789e�4 3.621113447427561e�4 5.422800462439e�7 0.15
1e�11/1e�10:512/

1024
0.555465579355258 0.555320771985109 1.44807370149e�4 1.447260123838227e�4 8.13577651773e�8 0.06
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ples presented is to demonstrate the advantage of using goal/adjoint-based adaptation of the temporal domain over tradi-
tional adaptation methods particularly when there is little correlation between local error and functionals of interest. To this
end we compare our results against the more commonly used but basic method of uniform temporal refinement, and the
more sophisticated method of utilizing temporal discretizations of different orders-of-accuracy for estimating local temporal
error.

The uniform refinement method we employ involves the doubling of the temporal mesh resolution at each adaptation
cycle using a 2-to-1 nested subdivision of temporal elements, while simultaneously tightening the convergence tolerances
by a factor of three for all temporal elements. As for the estimation of local temporal error, the method proposed in Ref. [35]
is used. The solution to the analysis problem obtained using the second-order accurate BDF2 scheme is used to evaluate the
temporal derivative term discretized based on a third-order accurate BDF3 time-integration scheme. The estimate of the lo-
cal error at each time-step is then computed as:
elocal ¼
dAU
dt

� �
BDF3
� dAU

dt

� �
BDF2

����
���� ð51Þ
The adaptation for this method is based on refining temporal elements that have local error higher than the computed mean
of the local error distribution in the time domain. The convergence tolerances at each time-step are set to be equal to that of
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the local temporal error in order to ensure that the algebraic error is less than or equal to the temporal discretization error.
All adaptation methods are compared in reference to numerically exact results computed using a uniform time domain of
resolution at least two orders-of-magnitude higher than those achieved through adaptation.

5. Results

5.1. Case (A): Example of an instantaneous functional

The first example consists of a pitching NACA64A010 airfoil where the angle-of-attack as a function of time is prescribed.
The functional of interest is the lift coefficient of the airfoil evaluated at the end of the time-integration process. The com-
putational mesh for this case consists of approximately 6600 elements and is shown in Fig. 9. The airfoil operates at a Mach
number of 0.3 and Fig. 10(a) shows the prescribed displacement in time. The corresponding time variation of the lift coef-
ficient of the airfoil is shown in Fig. 10(b). The prescribed motion begins at an angle-of-attack of 0.5� and remains undis-
turbed for a short period before a spike (albeit continuous) of 0.5� is introduced. The angle-of-attack then returns to the
steady-state value of 0.5� where it remains for an extended period before a shallow pitch down by 0.5� is followed by a rapid
pitch up to 5�. Once the angle-of-attack reaches the maximum of 5�, the motion of the airfoil is stopped and only transient
effects remain in the flow. The error tolerance used as the termination criteria for adaptation was set as 1e�6. While this is a
remarkably tight tolerance for lift coefficient, it becomes necessary due to the dominant spatial discretization errors arising
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Fig. 10. Prescribed displacement and corresponding variation of lift coefficient in time of the airfoil for Case (A).
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432 K. Mani, D.J. Mavriplis / Journal of Computational Physics 229 (2010) 415–440
from computational mesh coarseness. The problem is carefully chosen to demonstrate the advantage in using goal-based
adaptation over local error-based adaptation when there is no correlation between local error and the output functional
of interest. Fig. 11(a) and (b) show the convergence of the functional and error in the functional using the three different
adaptation methods. The plots indicate that adjoint based adaptation is able to achieve similar error levels to that of un-
guided uniform refinement with fewer time-steps. On average the method appears to provide a factor of saving anywhere
between 1.6 and 2 when considering only adaptation. The method however also provides a correction term as shown in Eq.
(27) that can be used to improve the value of the functional computed using the adapted domain. When including the cor-
rection term in the functional, the method far outperforms uniform refinement at least in terms of the temporal resolution
required for the same error levels. Fig. 12(a) and (b) show the convergence with respect to computational cost. When con-
sidering the adjoint-based adapted curve in the plots, the costs appear similar to that of uniform refinement for the same
error levels. However, the method is still competitive when the correction term is included in the functional. It should be
noted that the sum of the adjoint-based error distributions provides the correction term and no additional work is necessary
in order to compute it. Therefore, a fair comparison is that between the corrected functional convergence and uniform
refinement.

It is interesting to note from the plots that local error-based adaptation performs very poorly for this particular problem.
This is expected since the problem was setup specifically to demonstrate the weakness of local error-based adaptation in
such situations. Theoretically it is known that the spike occurring close to the start of the time-integration process has no
effect on the lift coefficient at the end of the time-integration since there is sufficient time after the spike for the airfoil
to recover its steady-state lift. Local error-based adaptation methods however are blind to this effect and will target the spike
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for adaptation as that would be the location of maximum temporal discretization error. This is quite obvious from Fig. 13
where the distribution of local error shows significant differences compared to the adjoint-based error, both evaluated at
the first adaptation cycle. Nearly all of the refinement during the first six adaptation cycles based on local temporal error
occurs at the location of the spike. It is only after the local temporal error at this location has been brought down to the same
levels as those closer to the end of the time-integration does the method actually start attacking the correct regions relevant
to the functional. As a consequence of this, local error-based adaptation performs less efficiently than even uniform refine-
ment of the time domain. Fig. 14 compares the distribution of the time-step sizes between adjoint adaptation and local error-
based adaptation after the final adaptation cycle. It is clear from this plot that local error-based adaptation has refined the
temporal mesh significantly in the vicinity of the spike, while the adjoint-based adaptation has almost completely ignored
the spike.

The other aspect of the problem that is tackled by the adaptation procedure is the algebraic error at each time-step due to
partial convergence. Figs. 15 and 16 show the distribution of the error due to partial convergence of the flow and mesh equa-
tions at start and termination of adaptation. The algebraic error is dominant when the airfoil is moving and also close to
when the functional is evaluated. As in the case of temporal resolution, the temporal location where the spike in the an-
gle-of-attack occurs is irrelevant to the functional. Fig. 17 shows the final distribution of the convergence tolerances for
the flow and mesh equations after termination of the adaptation process. The tolerances progressively become tighter for
both sets of equations as the time-integration approaches the point of the functional evaluation and this trend matches clo-
sely with intuition.
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5.2. Case (B): Example of a time-integrated functional

The second example demonstrates the method when the functional of interest is a time-integrated quantity. The problem
considers the interaction of a vortex with a pitching airfoil. The airfoil is a NACA0012 undergoing very slow pitching at a
reduced frequency of 0.001 in a flow with a freestream Mach number of 0.4225. The amplitude of pitch is 5� with the pitch
center located at the quarter chord of the airfoil. Fig. 18(a) and (b) show the computational spatial mesh and a zoomed in
view of the airfoil within the mesh used for this example. The mesh consists of approximately 8600 elements. The vortex
is seeded in the flow 15 chord lengths ahead and 2 chord lengths below the airfoil, from where it is allowed to convect with
the freestream and interact with the airfoil. Fig. 19 shows the density contours of the initial condition for the flow in the
spatial domain. Fig. 20 shows the time variation of the lift coefficient of the airfoil with and without vortex interaction.
The size of the time domain was chosen such that at the end of the time-integration process the vortex is located approx-
imately 15 chord lengths downstream of the airfoil. The functional of interest is the time-integrated value of the lift coeffi-
cient as described in Eq. (50). Similar to the previous example, the problem was carefully chosen to demonstrate the strength
of the adjoint-based method for problems where functional relevant error is significantly more important than local error.
The effect of the vortex on the airfoil should in theory increase as it approaches the airfoil and diminish rapidly once it passes
the airfoil. Engineering judgment tells us that in order to correctly predict the effect of the vortex on the airfoil load, it must
be convected to the region of interaction with the least amount of dissipation. Both temporal and spatial errors contribute
toward dissipating the vortex as it convects through the domain. The sources of spatial error include the spatial discretiza-
tion order-of-accuracy and the resolution of the spatial mesh. However, since all comparisons are made on the same spatial
(a) 1st adaptation Cycle (b) Final (7th) adaptation Cycle
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mesh with identical spatial discretization, the spatial error can be considered to be independent of the temporal error. Our
goal is to identify and reduce the effect of temporal error on the functional. The temporal error relevant to the functional
most likely occurs in the region of the temporal domain when the vortex is still ahead of the airfoil, and also in the region
when it interacts with the airfoil. It is likely that the temporal error once the vortex passes the airfoil is not relevant to the
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Fig. 21. Convergence of functional and error with respect to temporal mesh resolution for Case (B).
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Fig. 22. Convergence of functional and error with respect cost in terms of wall time for Case (B).
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Fig. 23. Comparison of adjoint-based error distribution and local temporal error distribution for Case (B) after three adaptation cycles.
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functional. The time-integration must therefore use smaller time-steps while the vortex is still ahead of the airfoil in order to
ensure minimal dissipation of the vortex, and smaller time-steps during the interaction phase to ensure that all of the details
in the perturbation of the airfoil lift are captured. The adjoint method being goal-based should predict the error distribution
in accordance with this expectation, while local error-based adaptation will likely request refinement of the entire time do-
main. This happens as a consequence of the vortex continuing to convect and dissipate downstream of the airfoil, although
its effect is not relevant to the load on the airfoil. Therefore local e